arXiv:1506.00244vl [math.DG] 31 May 2015 


BOUNDING DIAMETER OF CONICAL KAHLER METRIC 

YAN LI 


Abstract. In this paper we research the differential geometric and algebro-geometric proper¬ 
ties of the noncollasping limit in the conical continuity equation which generalize the theory in 

m- 


1. Introduction 

The Ricci flow proposed by Hamilton in [T2] has been one of the most powerful tools in 
geometric analysis with the solution of Poincare conjecture. Similarly, the Kahler Ricci flow 
has also become an fundamental tool in the study of Kahler geometry for many years. J. 
Song, G. Tian and their collaborators ([31], [22], [25], [26], [27], [23], [21], [30]) developed 
the Analytic Minimal Model Program through Kahler Ricci flow. However, in studying the 
singularity formation of the Kahler-Ricci flow there are some difficulties because we do not 
know how to control the lower bound for the Ricci curvature along the flow. To overcome these 
difficulties, in [TB], G. La Nave and G. Tian introduced a new continuity equation. In [T7], G. La 
Nave, G. Tian and Z. L. Zhang investigated the differential geometric and algebro-geometric 
properties of the noncollapsing limit in the continuity method. Properties of the continuity 
equation in [TB] are very similar with properties of the Kahler Ricci flow. 

On the other hand, conical Kahler-Einstein metric plays an essential role in recent great 
progress about Yau-Tian-Donaldson conjecture, see H 0 0 ES]. In 0 and m, H. Guenancia 
and M. Paun constructed smooth approximation of conical metric. Recently, L. M. Shen in [1^ 
got a result that is about maximal time existence of unnormalized conical Kahler Ricci flow. 
Therefore, a natural problem is that what properties the conical version of continuity equations 
have. 

In this paper we generalize the theory in El to the conical version and research the differential 
and algebro-geometric properties of the limit in the conical continuity equation. We will focus 
on the noncollasping case. 

To begin with, we assume that M is a projective manifold with a Kahler metric uq ^ ci{L ), 
where L is a line bundle on M. Let D be a smooth hypersurface in M and [3 G (0,1). We 
consider the 1-parameter family of equations: 

Lo = loq — t{Ric{uj) — (1 — /3)[D]), (1.1) 

where [D] is the current of integration along D. Glearly, the Kahler classes vary according to 
the linear relation: [w] = [oiq] — — (1 — /3)ci(Ld)), where [w] denotes the Kahler class of 

oj and c\{Ld) denotes the first Ghern class of line bundle Ld associated with hypersurface D. 
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Our first theorem is: 

Theorem 1.2. For any initial Kdhler metric uq, there is a unique singular family of solution 
Ut for (1.1) on M X [0, T),where 

T = sup{t\[uo\ - t(ci(M) - (1 - I3)ci{Ld)) > 0}. (1.3) 

and each Ut is a conical metric. 

If T < CX3, we need to examine the limit of Ut as t tends to T. We have the following result 
if Ut is noncollapsing. 

Theorem 1.4. Assume that ([wq] — T(ci(M) — (1 — I3)ci{Ld)))^ > 0, where n = dim^M, then 
Ut converge to a unique weakly Kdhler metric ut such that ut is smooth on M\{Sm U D) and 
satisfies: 

Ut = uq — TRic{uT), on M\{Sm U D), 

where 

Sm = is a disivior satisfying [uo]—T{ci{M) — {1—I5)ci{Ld))—p[F] > 0 for some p > 0}. 

In [T7j, the limit space which {M,Ut) converge to in the Gromov-Hausdorff topology has 
more regular properties, such as metric structure, algebraic structure. In the conical situation, 
we also have similar properties. 

Theorem 1.5. Assume as in above theorem, /3 G Q O (0,1) and Ci(L£)) is semi-positive, then 

(1) (M, Ut) converges in the Gromov-Hausdorff topology to a compact path metric space 
{MT^dx) which is the metric completion {M\{Sm A D),ut); 

(2) Mt has regular part and singular part, i.e. Mt = TZA S, a point x ^ TZ if and only if 
the tangent cone at x is C”; 

(3) S is closed and has real codimension > 2 and 7Z is geodesically convex; 

(4) Mt is homeomorphic to a normal projective variety with S corresponding to a subvariety. 

Acknowledgement: The author would like to thank his advisor Prof. F.Q.Fang, for his con¬ 
stant help, support and encouragement over the years. He also wants to thank Prof. Z.l.Zhang 
for his careful reading of a preprint of this paper and many helpful suggestions and discussions. 
Finally, he thanks Prof. Y.Yuan for his enthusiastic discussion. 

2. Existence and uniqueness of conical continuity equation 

2.1. Proof of Theorem 1.2. First we reduce (1.1) to a scalar equation. Choose a real closed 
(1, 1) form f representing ci(M) and a smooth volume form G such that Ric{Q) = f. Let Lo 
be a line bundle with a Hermitian metric ho and s^) be a dehning section of Ld. represents 
the curvature of Ld. By PoincarCLelong formula, we have 

\f^dd\og\sD\l^ = -Qhn + [D]. 


BOUNDING DIAMETER OF CONICAL KAHLER METRIC 


3 


Set 0Jt = (jjQ — ti^lj — (1 — f3)Qhn) ^ ^ [0) ^)- can easily show that Ut = 0Jt + ty/—lddu 
satishes (1.1) if u satishes 

(wi + t^/^ddu)'" = e“-—(2.1) 

\sD\hj, 

where ay + ty/—lddu > 0. 

Proposition 2.2. The equation (2.1) is solvable for each t G [0,T). 

This proposition is obvions according to Theorem A in m- 


In [TT] . H. Gnenancia and M. Pann introdnced that for any e > 0, the fnnction cxd) —)■ 

M dehned as follows: 

Jo r 

for any t > 0. There exists a constant C snch that 0 < ^/^(t) < G provided that t belongs to a 
bonnded interval. This fnnction is nsefnl to prove Theorem (1.4). 

To prove the nniqneness we argne as Jeffery 


Proposition 2.3. Assume that u is a solution of equation(2.1) such that ut = uit + t^f—lddu 
is a conical metric. Then u is unique. 


Proof. Assnme ui and U 2 are solntions of eqnation(2.1). Set v = ui — U 2 . One immediately 
obtains the following eqnation. 

= (wi + t^T^ddvY, 

where a;i = ay + t\/—Iddui. Let Fk = ^|sd|^^(2p < (3) and Vk = v + Fk. It is easy to show 

> -p\sD?h^Qho- 

For each k, Vk can attain maximnm at Pk G M\D. Then at Pk one knows 

e’'(det glj) = det{glj + X^did-j{vk - Fk)). 

Choose normal coordinate at Pk which simnltaneonsly diagonalize (gf) and {\/—ldidj{vk — Fk)), 

i.e. gljiPk) = Sij and ^/^didj{vk - Fk){Pk) = 5ij{{vk)ij - (Ffc)ij)- Notice that {vk)fiiPk) < 0. 
Then one has 


k 

= p[(l + (vt)a - (Ft)u) 

i=l 

k k 

< n(i - (n)s) < n(i + 

i=l i=l 

<n(i+4,» 

2=1 
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Let k ^ oo, one obtains 

n < 0 

By the similar argument, one has v > 0. Therefore, Ui = U 2 - □ 

2.2. Proof of Theorem 1.4. In this subsection we investigate the regular properties of limit 
metric. 


Lemma 2.4. Let F be a divisor in a projective manifold M. If F is big, then there is an 
effective divisor E such that [F] — e[E] > 0 for all sufficiently small e > 0. 


By the assumption of Theorem(1.4) one knows that [uo\—T{ci{M) — {1—/3)ci{Ld)) is big, then 
by the above Lemma there is a effective divisor E such that[c(;o]—T(ci(M) —(1—/5)ci(Lo))—<.[L£;] 
is ample for some l. Let Le be a Hermitian metric on Le and cr^ be a dehning section of E. 
Thus by the ampleness of [wq] — Ti^cfM) — (1 — /3)ci(L£))) — l.[Le\, one knows 

ujt — iRicifiE) > 0 . 

Now we begin to prove Theorem(1.4). 


Proof. Let uffE = + i\/^dd\og IceW^- If ^ is sufficiently small, ufE is a smooth Kahler 

metric on M\E for each t E [T — f, T +f|. Set = hx(e^ + and = ca^ + \/^(9(9'0e. 

If 6 is sufficiently small, is also a smooth Kahler metric on M\E for all e and t E [T —f, T]. 
Now we consider the following approximation equation 

+ ^f^dd{tv, - i\og\aE\l^)T = \2 U-/3 - 

{t -r \SD\hjy) 

Set = tv^ — ilog \o'E\‘i ■ Assume that attains minimum at yo, one has 


fe 


+ -{w, + i\og\aE\l^) > log- 


+ I^dILY 


t t 


Therefore 


Vt 


We > -C- dog|cr£;|^^ > -C. 


> -c. 


For the upper bound of We, one needs to consider the following equation. For t E \T — t,T) 


{ut + ^f^ddfe + t\f^ddveY = e ‘ 


Y^ + \sd\1,Y-P 


Although Ut + ^/-^ddipe may not be a Kahler metric near T, it can be controlled from above, 
we still make use of maximum principle to get 


sup Ve < C. 

Combining above consequences, one obtains 

-C <We< C - L\og\aE\lj^. 


Set Ut^E,e = ^^Y^e + \/~^ddWe and to = T — t. 
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Claim 2.5. For t e there exist two constants C and a which are independent of t and e 

snch that 


2a(n-l)+^ 


C |(Te 


He 

n 


< 1- T^(^to,E,e- 

\<^E\hE 


Proof. Set Fto,D,e = log (g 2 _|_|s ^|2 By Yan’s Schwarz lemma [32], one dednces 


9 ’*'^ ,E,e) Rij {^t,E,e) +9^^ {l^t,E,e)gkl{‘^t,E,e)Rij {l^to ,E,e))- 


ij 


Now we take an holomorphic orthonormal coordinates at a point {t,p) snch that gij{uJto,E,e) = 
6ij, and gij{(.Jt,E,e) = \5ij. So we have 

-9''H^tQ,E,e)Rij{l^t,E,e) = + ^ ' log WeUe) + Rto,D,e) “ ^ Ri~ikk{^to,E,e) ■, 


i,k 


and 


Thns we have 


Ai 


g''~K‘^t,E,e)gkli.^t,E,e)Rij^\^to,E,e) — ^ Riikki‘^to,E,e) ■ 


i.k 


1 Xk 


V- ~ ‘^)^iikk{^to,E,e) + i ■ log {cTeII ) + Fto,D,€)} (2.6) 

The following resnlt is contained in [n]. We denote = Cxpie^ + \sd\U and there exist 
constants C and 0 < p < 1 snch that 

Riikki.^to,E,e) > -{.C + 

Using the symmetry of the cnrvatnre tensor, we also have 

Riikk(.^to,E,e) Y (C* T (Tg p)^^). 

Notice that 

^ W T ‘^)Riikk{<^to,E,e) > —^ (tke,p)ii) + + ('l^op)fcfc)} 

2^m -^k \ Z^rn Aj Afc 


i<k 


and 




(T 


i<k 


> vA-E{vU+(®«)«)+2^(c+('i',,p)a)}-cir„,,,.5;x. 

Z^m Am A Afc 


Therefore one gets 
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From m one knows 

V—^ddFt^ D f; > —{CuJtg^E,e + \/—I99^e,p); \Fto,D,e\c° ^ C. 
By taking the trace with respect to uJto,E,€, we get 

—' Ftf, D —nC — A^-~' \l/e p. 

Taking a simple calculation, one has 


^^tQ,E,E^ <^’P / J 


A,: 


tr 




Ft'PLJt,E,e^t0,E,€ 


- ~7^ -F- Ctr^t,E,.^to,E,e- 


Note that 


i ■ log MlJ + Ft,,D,e) = - uJt) > > -C, 

the last inequality bases on uJtQ^E,^ > C~^Ut. There is an easy fact that is 

{tr^t,E,F^,e){tr^^ Ut^E,e) > n. 

Notice that there exists a constant C such that 0J^,t > Cut^^E^e- 

We denote H = log(tr^-^^^a;t,E,e + 2Te_p) — then by calculation one has 

^‘^t,E,eF ^ t'PLJt,E,ei^t,E,e ~ ^t,E,e) 

> -n(l + C’). 

Assume H attains maximum at xq, one deduces 

< C. 

Notice that 

Therefore according to the estimate of and the boundness of Tg p, there exist constants C 
and a such that 

We + C 


< C — a log \aE 


2 

Ihs' 


Furthermore one gets 


C 
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By the similar argument one has 


UJtEeT~^ ■ + < 


C 


I |2a(n-l)+f 


□ 


By the above Claim, one knows that for any compact subset K C M\{D U E), there exists 
a constant Ck > 0 independent of e and t such that < ^t,E,e < Ck^Jq, i.e. < C. 

By theorem 17.14 in [10], we have that \we\c^,a < on K x [T — t,T]. Furthermore, by the 
standard bootstrapping argument one has that for any / > 0, \ Wf :\ ci,a < Ck,i on K x [T — t,T]. 
By the standard diagonal argument and passing to a subsequence, we see that C°° con¬ 
verges to a (1,1) form on each compact subset K C M\{DUE) when e* —)■ 0 and fj —)■ T. Back 
to equation(2.1), we know that there exists a subsequence such that Ut. (7°° converges 

to ut on each compact subset K C M\{D U E) when ti ^ T. A priori, this limit may not be 
unique. So we still need to prove that ut is unique, i.e., independent of the subsequence 


Differentiating t at both sides of equation (2.1), one has 

A • 1 • 1 

= -Ut - ^ + 

By the simple calculation, one gets 

- nlogf)' > j{ut -n\ogt)'. 

By maximum principle one knows 

^{ut -n\ogt)' < 0. 

i.e. [ut — nlogf) is decreasing as f —?• T. Combining the previous argument, we see that ut is 
unique. Therefore Theorem(1.4) is proved. □ 


2.3. Smooth approximation of metric with conical singularities. In this subsection, we 
assume L^) is a semi-positive line bundle, i.e. there exists a Hermitian metric ho such that the 
curvature Qho — 0- ^ ^ — t,T), we consider the approximation equation 

+ (2-8) 
where Ut^^ = Cjt + tyj—IddxJj^ -|- ty/^^ddv^. By the calculation, one has 

Ric{ut,e) = - ^t) + Ric{Vt) + (1 - /9)\/AT9aiog(e^ -F \sd\Ij,) 

- - 1 .,,. + i .„ + (1 - + ,1 _ 

t t (e -F \SD\hJ e -7 \SD\hj, 


-Qt 


> - Ute- 

- t ’ 
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For fixed t e [T - t, T), by Claim(2.3) we know 

Cl ^LOo < Ai C: ^t,e ^ ^ 

Therefore 

diam{ut^e) < Ct. 

Proposition 2.9. {M,ut) is the Gromov-Hausdorff limit of {M,u)t^e) as e —)■ 0. 

The proof of the above proposition is the same as the proposition(2.5) of |lj, so we omit it. 

3. A PRIOR ESTIMATE TO THE CONICAL CONTINUITY EQUATION 

In this section, we present some estimate to the conical continuity equation (1.1). First, we 
assume /? G Q and L^, is a. semi-positive line bundle. The rationality theorem of Kawamata 
na says that T G Q. Take a positive integer Iq such that TIq G Z, T/o(1 — /3) G Z and define 
the limit line bundle L = Iq{L! + TKm + T(1 — I3)Ld). 

Since the limit class L +TKm + T{1 — (3)Li:i is nef and big, according to the base point free 
theorem [TJ], we may assume Iq is chosen such that L has no base points. A basis of H^{M, L) 
gives a holomorphic map 

$ : M —^ CP^ 

where N = dimH^{M, L) — 1. Let M^eg be the set of regular points of $. Denote by ujps the 
Fubini-Study metric of and r]T = j^^*UFS- 

Let t G [T — t,T), be a solution to (2.7). By putting rjt = + ^r|T^ a family of 

background metrics, the solution can be written as 

= 'nt + '/^ddut^^. 

Since ^(wq —hr) G ci(M) —(1 —/5)ci(L£)), there is a smooth volume form D on M and curvature 
Qho on Ld such that 

Ric{n) - (1 - /3)0/xo = ^{uo - Vt)- 


Now we consider the following equation 

{r]t + = e' 


Q 


(3.1) 


Lemma 3.2. There is a constant C independent oft and e such that 

\Ut,e\cO ^ C. 

Proof. The uniform upper bound of is trivial consequence of the maximum principle. The 
bound follows from the capacity calculation of [31] for exactly our case when has a 
uniform upper bound. □ 

Corollary 3.3. There exists C independent oft and e such that 


c-^n < uy < 


cn 


\Sd 


2(l-/3) ■ 
ho 
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Lemma 3.4. There exists C independent of t and e such that 
Proof. Differentiating t at both sides of (3.1), one gets 


where 


- ut,e) 


^'t,e = ^(hr - C^o) + \/^ddut^^ = \/^ddut^fs + y/^ddu't^^. 


By the simple calculation one has 

1 

- Ut,e) = -{tu't^e - Ut,e) “ U + tr^t.e^O- 

Applying the maximum principle one derives 

tu't^e - Ut,e < C. 

Combining with the (7° bound of Ut^e we also have 

Ut,e < C. 

To get the upper bound of life we hrst observe that 

tufe - Ut,e = 

Differentiating t at both sides of the above formula one gets 

tiii^, = 2t ■ tr^,^^u[^^ + - t^\u[f = - \u)t,e - tuj[f + n 

Then by the maximum principle one derives 

Ui.e < C. 


□ 


By theorem(1.2), one knows that Ut^e C°° converges to Ut on each compact subset K <Z M\D 
when e —)■ 0. Furthermore Ut solves the following equation in the current sense 


{rjt + y/^ddut)"- = et 


n 




Lemma 3.5. The function Ut converges uniformly to a bounded function ut satisfying 

Q 


{rjT + ^/^AddurY = e r 


\sd 


|2(l-/3) 

\ho 


in the current sense. 
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Proof. For Ut we observe that 







n) > [j) 


n 

t 


Then one dednces 

- nlogty > {j - n log t)'. 

By the maximnm principle one knows that ^ ~ ^ ^ is monotone decreasing. Conseqnently, 

Ut converges uniformly to a unique limit ut- It is obvious that ut is smooth outside M\{Sm U 
D). □ 

Proposition 3.6. There exists C independent oft and e such that 

rjT < Cut,e, Vt e [T - t, T). 

Proof. By Yau’s Schwarz lemma [32| and Ric{ut^e) > 

On the other hand, pt > dr]T for some h > 0 independent of t, so 

= n- tr^t^^pt <n- Str^.^^rjT- 


Hence 

2n C{n,T) 

Aa;t.Tlogtr^,,,r7T - > ntr^.^^pT --• 

Let P[ = logtr^jj ^i^T — Assume H achieves maximum at Xq, then 

A^t,,hr(xo) < C. 

By the boundness of Ut^e, one has 

tVu^t.eVT < C. 


□ 


Corollary 3.7. The limit metric ut is smooth on Mreg\D. 


Proof, pt is smooth on any compact subset K C Mreg\D, so by Lemma(3.5) and proposi¬ 
tion (3.7) one knows 

C ^XjT — — CxPt- 

In particular, n + A^r^UT < Ck on K. Then applying a bootstrap argument we get the higher 
derivative bound \ut\c^{k) < Ci^k- D 


Now we define Wt^e = (T — t)uf^ + Ut^e which satisfies 

A 1 T 

A^, ^wt,e = -wt,e - An- tr^^ 

’ t P 

This can be seen by combining 


= f(tul, - Ml,,) + Tptr^t.Xuii, - Tfr) 


(3.8) 
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T-t t 


For (3.8) by maximum principle one gets 

Wt,e > -C 

. Therefore 

\wt,e\c° < C, |A 'Wt,e\c° ^ C. 

Combining with the (7° bound of Ut^e we also have 


T-t 


< u't^e ^ C, Vt G [T — t, T). 


Proposition 3.9. There exists C independent oft and e such that 

\Vwt,e\co <c, Vt e [T - t,T). 

In particular, since converges to a locally bounded function on M\{Sm U D) as t ^ T and 
e —)■ 0, one has 

iVurlco <C,yte [T-t,T). 

Proof. Recall that Ric{ut^e) > — <^o), so by the Bochner formula, 

> jVVWt,ej^+jVVWt,ej^ + ViAwt,e-ViWt,e + ViAwt,e-ViWt,e + j(c^O-^t,e)ijViWt,eVjWt,, 

where we omit the metric for the convenience. By (3.8) one has 

2 2T 

ViAwt,,-ViWt,e + ViAwt,e-Vim,e = - 2Re(Vitr^,^^^,^ ■ ViWt,e) - ^ Pe(ViUt,e ' Vim,e) ■ 


Notice that 


A|Vzct,,|^ > —\'Vwt,e\^ - - 


Tl 1 r 

Atr^,^^PT > tr^t.eVA-- - Atr^ pt) + t - \^tr^t,.hTY 

t AuJt.eVT 


>-C + C\Vtr^,^^PTA 


A/ \ T — t t T — t ^ 

A{-UtA = -n+ -j^tr^,^,uJo + -tr^.^^pr > -j^tr^,^,Uo - C. 

and 

Aul^ = 2ut,^Aut^^ + 2\VutJ‘^ > 2\VutJ‘^ - ( 7 ^^ ^ tr^^^^uo - C. 
Let H = + AtCtr^^^px + ~ then one obtains 

AH>^^\Vwt,A-C, 
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by the maximum principle one gets 

< C. 


□ 


4. Algebraic structure of the limit space 

4.1. Preliminaries. In this subsection we introduce some useful formulas on a general line 
bundle. Let (M, a;) be a Kahler manifold of dimension n and (L, h) be a Hermitian line bundle 
over M. Let 0/j be the Chern curvature form of h. Let V and V denote the (1,0) and (0,1) 
part of a connection respectively. The connection appeared in this paper is usually known as 
the Chern connection or Levi-Civita connection. 

For a holomorphic section r G H^{M, L) we write for simplicity 

|t| = \T\h, \'^r\h(S)uj = |Vr|, 

and 

iVVrp = |V*Vjr|2, |VVt| 2 = ^ iV^Vjrp. 

i,j i,j 

By direct computation we have 

Lemma 4.1. (Bochner formulas). For any r G H^{M,L) one has 

A^|t|^ = |Vr|2 - |t|^ ■ (4.2) 

and 

A^lVrp = |VVt| 2 + |VVr|2 - V,-(0,.),j(r, Vir) - Vj(fr^0/.)(V,r, f) 

+ RfjiVjT, Vif) - 2{Qh)ij{'^jr, Vif) - |Vr|^ • tr^Qh (4.3) 
where Rfj is the Ricci curvature ofu), (,) is the inner product defined by h. 

4.2. Gromov-Hausdorff convergence: global convergence. In this subsection we con¬ 

sider a family of manifolds (M, on which the lower bound of Ricci curvature can be con¬ 
trolled, i.e. Ric{pJt,e) > for t E [T — f,T). By Gromov precompactness theorem, 

passing to a subsequence (tj, Cj) — )■ (T, 0) and £x xq G M\{Sm U -D), we may assume that 

Xq) {MT,dT,XT). 

The limit {M^, dx) is a complete length metric space, maybe noncompact in a prior. It has a 
regular/singular decomposition Mt = 7^ U 5, a point x G 7?. iff the tangent cone at x is the 
Euclidean space The proof of the following lemma is exactly same as [22] so we omit it. 

Lemma 4.4. There is a sufficiently small constant 5 > 0 such that for any t E [T — t,T) and 
e > 0, if a metric ball r) satisfies 

Vol{B^^ fix, r)) > (1 — 6)VoI{B)) and B^^ fix, r) f] D = 0 

where Vol{B).) is the volume of a metric ball of radius r in 2n-Euclidean space, then 

Ric{ut,e) < (2n- l)r"^a;t,„ in B^^ fix, Sr). 
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Lemma 4.5. The regular set TZ is open in the limit space {M-r, (It, xt)- 


Proof. We follow Tian’s argument [22]. By Proposition (2.9), one has (M, Xq) {Mt, dr, xt)- 
If X G 7?., then by Golding’s volume convergence theorem [7], there exists r = r(x) > 0 such 
that 'Hf'^{Bdj.{x,r)) > (1 — ^)Vol{B^), where denotes the Hausdorff measure. Let {xi} be 

a sequence of points in M such that Xt x, then by the volume convergence theorem again, 
Vol{Bi^^,{xi, r)) > (1 — 6)Vol{B^) for i sufficiently large. On the other hand, if pi G D, then by 
the Bishop-Gromov volume comparison theorem, for any f > 0, one has (set a = — 5 ^) 

Vol{B^ {yi,f)) 

Vol{B^) - ^ 

Furthermore, when f is sufficiently small, we have 

Vol{B^,^{yi,r)) _ Vol{B^,.{yi,f)) Vol{B^) ^ 

Vol{B^) ~ Vol{B^) ' Vol{B^) - ^ 


Note that B^_^,{xi,r) Bdj,{x,r), so by the Bishop-Gromov volume comparison theorem 

there exists an iV = N{6) such that for any r G (0, j^) and yi G B^^,{xi,r), one gets 


Vol{B^,.{yi,h)) 

- Vol{B^^.{xi,r)) 


< l + h. 


Now, we claim that B^^^, (xj, r') fl D = 0 where r' = min{r, r}. If this claim is false, we assume 
Vi G B^^,{xi, r') for all i sufficiently large, we have 


5 < 


Vol{B^,.{xi,r')) 

Vol{B^^,) 


<{l + 5) 


Vol{B^,.{yi,r')) 

Vol{B^.,) 


< {l + Sffd. 


Then we get a contradiction if 6 is chosen sufficiently small. According to above lemma, together 
with Andersons harmonic radius estimate [ 1 ], there is h = h (a) > 0 for any 0 < a < 1 such 
that the harmonic radius at Xj is bigger than S r'. Passing to the limit, it gives a harmonic 
coordinate on Bdj.{x,S r'). This implies in particular that Bdj,{x,S r') C TZ. So TZ is open 
with a Kahler metric, denoted by cJT; moreover the metric or uJt^ converges in G^’" 
topology to oJt on TZ for any 0 < a < 1. □ 


For any metric u, let d^j be the length metric induced by u. 

Lemma 4.6. (MTjdr) = {TZ,dzjT)j the metric completion of {TZjdjjr)- 

Proof. By the previous argument one hnds an exhaustion of TZ by compact subsets Ki with 
Ki C A'j+i and a sequence of embeddings (j)i : ^ M such that (fi^xx) = Xq. Thus cfi 

dehnes a Gromov-Hausdorff approximation of the convergence (M, Xq) {MT,dT,XT) 

^l,a 

because Codim{S) > 2 [3]. There is a fact that (|)*Ut^^^^ -)■ oJr which demonstrates that 

{TZydTln) = {TZ,djTf)- Notice that (TZ,dT) is dense in {MT,dT,XT) because Codim{S) > 2 . 
Therefore the lemma is proved. □ 
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Lemma 4.7. TZ is geodesically convex in Mt in the sense that any minimal geodesic with 
endpoints in IZ lies in 7Z. 


Proof. It is simply a consequence of Colding-Nabers Holder continuity of tangent cones along a 
geodesic in Mt [S]. Actually, in |3] one knows that any pair of regular points can be connected 
by a curve consisting entirely of almost regular points and knows TZ is locally convex by previous 
argument. Therefore, the tangent cone of each point which is in a minimal geodesic connecting 
any pair of regular points is □ 

Let D' be any divisor such that D U Sm C D' . Dehne the Gromov-Hausdorff limit of D' 

Drp ;= {x G Mr I f here exists Xi E D such that Xj x}. 

Proposition 4.8. (Mx^dT) is isometric to {M\D', di^.^,). 

Proof. First, by the argument of [18] one knows that {Mt\Dx,uJt) is isometric to {M\D',ut), 
moreover Mx\Drp c TZ. We make the following 

Claim 4.9. D'j.\S is a subvariety of dimension (n — 1) if it is not empty. 


Proof. Let x G D'j,\S and x* G D' such that x* x. By the convergence of around 
X, there are G, r > 0 independent of i and a sequence of harmonic coordinates in B^^,^^ fxi,r) 
such that C~^ue < < Cue where ue is the Euclidean metric in the coordinates. Since 

the total volume of D is uniformly bounded for any the local analytic D fl (x*, r) 
have a uniform bound of degree and so converge to an analytic set D'j. n Bdj,{x, r). □ 


From the above Claim we know that dim{D'rp) = dim(S U {D'j.\S)) < 2n — 2. Thus by 
the argument of [3], one can show that the length metric d^jx on Mt\Dx is the same as dx- 
Therefore 

(Mt, dx) = {Mx\Df, dj^) = {M\D\d^^). 

□ 


Combining with Proposition(2.8), a direct corollary is 

Corollary 4.10. {M,ut,xo) converges globally to {Mx,dx,xx) under the Gromov-Hausdorff 
topology as t ^ T. 

Let Msing be the subvariety of critical points of $ which is dehned in section 3 and Mj-eg = 
M\Msing. We have shown that ux is a smooth metric on Mreg\D. Another corollary is 

Corollary 4.11. {Mx,dx) is isometric to {Mreg\lD, d^^,). 

Proof. We choose a divisor D' such that D' D (DUiSMUM^j^g), then M\D' C Mreg\D. Notice 
that {Mreg\D)\{M\D ) = (Mreg\D) n D has real codimension larger than 2 in {Mreg\D,ux). 
Thus the length metric dcjj, on M\D' equals to the restricted extrinsic metric from {Mreg\D, ux). 
Since M\D is dense in Mreg\D, we conclude 

(Mt, dx) = {M\D' ) (^Mreg\D^ d^rp') . 

□ 
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Lemma 4.12. The identity map id : Mreg\D —)■ M gives a Gromov-Hausdorjf approximation 
representing the convergence {M,Ut,Xo) —)■ {MT,dT,XT) as t ^ T. 

Proof. First we observe that {M\D', dx) = {M\D', d^.^) and {M\D\ dx) is dense m.{Mreg\D, dx). 
Thus id : {M\D , (M, ut) dehnes a Gromov-Hausdorff approximation because {M\D , d^ij) 

is dense in {Mx,dx). □ 

Therefore, the identity map id extends to an isometry 

id : {Mreg\D, d^j.) {Mx,dx). 

Since ux is smooth on Mreg\D, one sees that Mreg\D C TZ. 

Proposition 4.13. (1) Ut^e converges smoothly to ux on Mreg\D as t ^ T and e —)■ 0. 

(2) id{Mreg\D) = TZ, the regular set of Mx- 

Proof. (1) For any compact subset K C Mreg\D C TZ, there exists r = vk > d such that 
Vol{Bdj,{x, r)) > (1 — ^)Vol{B^) for any x ^ K. where 6 is the constant in Lemma (4.4). Then, 
since the identity map represents the Gromov-Hausdorff convergence, we have Vol{B^^^ ^x, r)) > 

(1 — 5)Vol{B^) for any x & K, t sufficiently close to T and e sufficiently close to 0. By 
Lemma(4.4), the Ricci curvature Ric{oJt^e) < Cut^e uniformly on K for some constant C = 
C{K). Since 

e^Ns Ws) 

= ^0 — tRic{Ut^e) + (1 ~ /5) . 2 I I ' 12 \2 “ /^) 2 , I-|2~®^D’ 

[e + \SD\ho) ^ + \^D\ho 

one sees that Ut,e > C~^uo. Notice that 

tru^o^t,e < . 

^0 

Together with the uniform L°° bound of Ut^e, one gets 

C~^cJo < oJt^e < Cojq, on K. 

Then by a standard bootstrap argument, we prove that converges smoothly to ojx on K. 

(2) We only to prove Mreg\D D TZ. We argue by contradiction. Suppose there is a point 

p G TZ\{Mreg\P>), then there exists a family of points Pi G Mging U D such that Pi p. We 
will divide the discussion into two parts. 

On one hand, if there exists pi p for each pi G D, that is a contradiction by Lemma 
(4.5). 

On the other hand, there exists pi p for each pi G Msing\D. By C^'°‘ convergence 

on TZ, there exist G, r > 0 independent of t and e and a sequence of harmonic coordinates 
on B^^,^^,{pi,r) such that C~^ue < < Cue where ue is the Euclidean metric in this 
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coordinate. Denote m = dimcM, 


Sing' 


Then 




/ ^ / 1 ic~^^Ey 

(p*,r) J [Msing\D)r\Bu;^{C 

which has a nniform lower bonnd where c{m) is the volnme of unit sphere in C” 

However, this contradicts with the degeneration of the limit metric r]T along Mging'- 

Vol^,.^^y{Msing\D)nB^^,^^yPi,r)) <Vol^^.^^yMsing\D) = ' .Tt, 


,€i 


^ ^sing\B V ^ / J ]S/Isijig\D 

which tends to 0 as ^ T. So we have Mreg\D D TZ. □ 

4.3. L^estimate to holomorphic sections. Let L = Io{L' + TKm + T(1 — (^)Ld) be the 
limit line bundle. Choose a Hermitian metric /i^/ on L whose curvature form 0/j = uq and put 
0 ® a family of Hermitian metric on L for 

any f G [T — f, T). The curvature form of ht^e is 

T T — t T 

^ht,e — h—^t,e — Iq—-—^0 < 


u 


So, by the Bochner formula (4.2) we have 


T. 


= |Vr|^fe^ - fcn/oy|r|^fc^, y t e H {M,L ). 


Also recall that we have the following well-known Sobolev inequality: for any R > 0, there is 
C{R) independent of t and e such that 


2n 

"-lOl- 


'^ixo,R) 


ui <C{R) l/P + |V/|^,X^. 

JBu,^ ^ixo,R) 


for all / e CQ{B^,yxo,R)). 

By a standard iteration argument (Lemma 3.14 [T7j) we have 

Lemma 4.14. For any R > 0, there exists C{R) independent of t, e and k > 1 such that for 
any t e [T — f,T) and B^^yx^2r) <Z B^^^Xxq.R), if t ^ H^{B^^Xx,2r),B), then 


sup |r|^fc < C{R) ■ r ■ k'^ ■ 


Bu,t ix,r) 


t,e 


rLk u, 


'B^^ {x,2r) 




Recall the Gromov-Hausdorff convergence 

{M,u;t,t,Xo) {MT,dT,XT)- 

Dehne the Hermitian line bundle {Lt, hr) on the regular set TZ C Mt by 

L = Io{L' + TKn + T(1 - /5)Lz)), hr = hj), 0 0 ■ e-'oAi-/3)iogPBlI^ _ 

Under the isometry id : {Mreg\D, —>■ {Mt, dr) and TZ = Mreg\D, we know that the Her¬ 

mitian line bundles {L, ht^e) converges smoothly to {Lt, hT) on 7?. as f —?• T and e —)■ 0. 
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Corollary 4.15. Let i? > 0, — )■ T, e —)■ 0 and Ti he a sequence of holomorphic sections of 

L^, k > 1, satisfying 

^ 12 , ,n 


' M 




Then, passing to a subsequence if necessary, r* converges to a locally bounded holomorphic 
section Too of Lif over IZ which satisfies 


sup \Too\ik < C{R) ■ r ■ R 
Bd (a;,r)n 77 


'B.{x,2r)r\n 


I |2 n 
Pooi/jfctU'r 


whenever Bdj,{x,2r) C Bdj,{xT, R)■ 


4.4. Gradient estimate to holomorphic sections. In this subsection we introduce a family 
of Hermitian metrics on L which are 

-loT 

^ ffoTL-h) . ^-loTil-y)\og{e^+\so\l^) 


hFS,e — ® 


VL 


The metric hFs,t has curvature 

^hFS,e = ^oVt- 

where rjT is the induced Fubini-Study metric which satishes rjT < CoJt,e for some C independent 
of t and e; see Section 3. An easy calculation shows that for any f G [T — f, T), 

ht,e = e ^^*’^hFS,e, 
so is uniformly equivalent to hFS,e- 

In the following computation we denote Vr = VVr = and |Vt| = 

etc., for any r G H^{M, L^), k>l. 

Lemma 4.16. For any t E [T — i,T), e > 0 and r G F[^{M, L^), k >1, one has 


A|r|2 > \^r\^-Ck\T\ 


and 


A|Vr|2 > |VVt|2 + |VVt|2 - A;/oV,(?7T)*j(r, Vjf) - A:/oVj(fr^,,,?7T)(V,r, f) - Ck\VT\\ 
Proof. They are direct consequences of the Bochner formulas (Lemma (4.1)) and Ric{ut^e) > 

-gUJt,,. □ 

Proposition 4.17. For any R> 0, there exists C{R) independent oft, e and k > 1 such that 
for any t G [T — t,T) and B^^^^{x,2r) C B^^^^{xo, R), if t E H^{B,^^ ^{x,2r),L^), then 


sup |r|^fc < C{R) ■ r-^^ ■ k^ 


and 


sup |V 

Bu:tRx,r) 




< C'(/2) ■ r-2”-A r+C [ 


^FS,e ' 




I _|2 , ,n 

' '^FS,e 
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The proof of this proposition need to use Lemma (4.17) and Nash-Moser iteration. Because 
its proof is exactly same as Proposition (3.17) in [T7], we omit it. 


In subsection (4.3) we construct a Hermitian line bundle (Lr, hx) on 77. Notice that hx = 
e~^°^'^hFS,€ = • /i^, 0 (8) The following lemma is very useful(c.f. Lemma 

(3.19) [nj). 

Lemma 4.18. There is a family of cut-off functions G CffiTZ), k > 0, with 0 < < 1 such 

that y^Hl) forms an exhaustion ofTZ and, moreover, 



|c7yf;| ojrp —0, as k —^ 0. 


By a standard iteration we havefc.f. [20] I 


Proposition 4.19. Let i? > 0, T, e —)■ 0 and Ti he a sequence of holomorphic sections of 
L’^, k > 1, satisfying 


It-P 

I 


< 1 - 


JM 

Then, passing to a subsequence if necessary, Ti converges to a locally bounded holomorphic 
section Too of Llf over 77 which satisfies 


sup 




Bdj, (x,r)mi 


—2n—2 


'^n+l 


Tr 


'Bd (x,2r)mt 




CJq 


whenever Bdj,{x,2r) C Bdj,{xT, R)■ 


4.5. Algebraic structure of Mt- Recall that if r G then by the construction of 

{Lt, Lt) on 77, one knows that t\tz denoted by Too is a holomorphic section of (Lt, hr)- For a 
fixed r G H^{M, L^), one has 




2 ^ 

|2(l-/3) 


<a. 


^oo 

Therefore, by ht^^ —)■ hx and Lemma (4.14), we have 

sup \Too\\k <C{R,r,k) 

Bdj,{x,r)n'R ^ 


Notice that 

+ klo\Too\h^^ ■ IVMtLt 

< + klo\Too\h^^ ■ IVutIojt- 

where the last inequality base on the estimate ut > C~^pt and the fact that hx is equivalent 
to hFS,e- 
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From Proposition (3.9), \Too\h’^ ■ IViitIwt bounded on Bdj,{x,r) HlZ. By the Song’s ar- 
gument(Lemma (3.10) in [20]) one gets ’‘Too] 0 ^^, is also bounded on Bdj,{x,r) DlZ. 

Thus 

sup I < C{R, r, k), 

Bdj. {x,r)f\'R, 


i.e. Too with metric Ht is locally Lipschitz, moreover it can be continuously extended to Mt- 
So, the map 

'hj’: (7l,dT) ^ 

defined by <F can be continuously extended to 


•hj’ : (AfTi,dj') —y ($(Tf),cn^5) 


that is a Lipschitz map, since < CkloUp- 


Proposition 4.20. 'Ft is injective and is a local homeomorphism. 


The proof of this Proposition is exactly same as Proposition (3.21) and Proposition (3.22) in 
Id so we omit it. 


5. Diameter bound of the conical Kahler metric 
Let oot be the solution to the following equation in the current sense 

[ut + \f^dduTT = 

In [2D], Song developed a method to prove the diameter bound of a singular Kahler-Einstein 
metric. In this subsection, we follow his idea to show the diameter bound of (M\(D U D),ojt) 
where D is any divisor such that [oiq] —Tci{M) +T(1 — (j)ci{LD) —^ci(Lp) > 0 for some // > 0. 
We will consider the following three cases. 


Case 1. If p G D\D, then by Theorem (1.4) there exists a neighborhood U of p such that 

Uo 


ut ^ C\ 


u: 




2(l-/3) ^ 

hjj 


on U 


Case 2. _ 

Let p G D n D be any point, tt : M —>■ M be the blow-up at p with exceptional divisor 
7 r“^(p) = E. Then 

Kjp = 'k*Km + {n- l)E. 

Let hp he the Hermitian metric on associated with the divisor E, and ap be a defining 
section. We denote by Di = n~^{D) — E, hp^ = TT*hp and D 2 = — E, hp^ = TT*hp. 

Let X be a fixed Kahler metric on M. Let ap^ be a defining section on Lp^ and ap^ be a 
defining section on Lp^.Bj the calculation one has 

7T*r]T + fi'/^ddlog Wp^H^^ + doV^ddlog\(Jp\l^ > dix 
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for some small Jo,5i > 0 on M\{D 2 U E). Observe that Vt = \(yE\h^'^ defines a smooth 

volume form on M. Consider the following family of Monge-Ampere equations on M 


{n*r]T + ex + + We\IJ'" ^12 \i- 8 - 


(5.1) 


By Yau’s solution to Calabi conjecture [33], the equation has a unique smooth solution 
moreover 

u^s = t^*Vt + ex + '/^dd^s 

is a smooth Kahler metric on M. 


Lemma 5.2. For any > 0 and (io > 0, there exist C{h,6q) and C independent of e and S 
such that 

li\f^dd\og + ho\/^9c)log \aE\l^ - C{n,6o) < ^ < C. 

Proof. We follow Song’s argument ESI. For upper bound, let 

be the volume. We see that 


W,o ^ ^ ho,i — 


Q 


~ I |2(l-/3) 

WDAhn, 


hence is uniformly bounded. We denote = (e^ + ^ 752 x^— 72 —rrya, then we 

have the following calculation 


^£,(5 


1 1 f 

= — / log 

Ve,S Jm ^ Y,(5 Jm \ ^eS 


■Q 


e,5 


< log / - log 


' M 


= log( + ex)'") - c <C 

J M 


where for the hrst inequality we use Jensens inequality. Since £ PSH{M,n*7]T + 
mean value inequality implies that 
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For the lower bound, we set = <^^,5 — /U\/—199log \ (yD 2 Wi^^ ~ 5Q\/—ldd log then 


by (5.1) one knows 

{{'K*r]T + ;U^/^991og \(TD 2 \ho 2 ^ ^oy/^dBlog\aE\lJ + ex + y/^dd^sT = 


eT 




(^D2\Tn. ■ 


^ 2 ^n-l 


11 


rjn \ 2. I /I£>2 ' 

We consider the following Monge-Ampere equations 




WF- (5.3) 


n 


{^n*r]T-^^Ric{hD2)-^oR^c{hE)+ex+^^^^^'Be,5T = eT'^^’^-{\aE\lj^ + e^T ^■T \— ,2 ,x2ii-/3- 

I wDi ^ J 

By Yau’s theorem [53] , the above equation admits a unique smooth solution. By [5] , we have 

\'BeAc° < C'(/X, ho)- 

Set = 'i^s — 'Be ,5 and = •n*riT — ^Ric{hD 2 ) ~ SoRic{hE) + ey, then on M\{E U Di U D 2 ) 

one knows 


log 


fz2, + v^99i/),, 5 + v^99i:f,,5)" 1^^ \2^l 


(z/, + y/^ddlpe,s) 


=-H^^s-2logT+ \og\aD2\hj2 + log 


T 


|2<5o 
IhE ■ 


The minimum of H^ s cannot be at D 2 U E. Assume H^ s attains minimum at Xq, then by 
maximum principle, one gets 


-21ogr + log|(TD2|ft'l^ +log|a£;|^"“)(xo) > 0. 


'T 


Hence we know 


02 


inf H,^s > -C. 

M 


|2<5o' 
hE ■ 


By the (7° estimate of Be,&) we obtain the lower bound of 
Lemma 5.4. There exist C and Ai independent of e and 6 such that 

RiciuBj) < -^dJffs + C -— 

Proof. First, we observe following facts: 

( 1 ) Since H is a smooth volume form, Ric{Q) < Cx- 

(2) x/^991og(|ai,|2^ + e^)-! > -Cy- 

(3) n*pT < Cx- 

(4) If Ai is sufficiently large, one has \/—199logdu^ij + h^) < — 

koih 


□ 
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Thus by a simple calculation one gets 


Ric{u,^s) < + C -— 


Lemma 5.5. There exist C and X independent of e and 6 sueh that 

C 


□ 


< 


|2A I ^ |2A 


2A 




-X- 


D2 


Proof. By a standard calculation one has 

^ogtr^ujff > -Ctrcj^^x 

There is a easy fact that is 


C 


WdAII\Px^^,s' 


= n- tr^^7T*pT - Pr^sX- 

Let H = \og{\aE\l^\o-D:^\l^J(TD 2 \hDj'>'x^s) - Then, on M\{E U Di U D 2 ), we get 

C 


A^cjrsH > -CtrcjTsX- 




— A^n + Atr^g{ATT*pT — Ricihs) — Ric{hE^) — Ric{hD2)) ■ 


Notice that when A is sufficiently large we observe that 

AtrcjXs{An*pT - Ric{hE) - Ricihof) - RicihD^)) >{C + l)tr^x. 

Therefore 




C 




A^n. 


Assume that H attains maximum at xq (xq G M\{E U Di U D 2 )), one dednces 

- A‘^n){xo) < C 


Using an inequality < C - \i-b) , one obtains 

’ koik 


Dl 

\ 2 ( 1 -/^) _ _ 1 

iRx<^e,s)^ < tr^sX 


Thus 


If 


X 2(1-/3) j 

(kD,iS„y>\w.,j)(p|CTD,i»;x < c. 


(5.6) 


1 2C A'^n 

{tr^U::s)^{xo) < - ^{xo), 


(Xd 


1 l/l_Dx 
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then there exists A 2 such that 


tr^Ue,5{xo) < 


C 




2 A 2 


(a^o). 


Dl 


Otherwise, 


from (5.6) one knows that 


or A'^n 

{tr^U::s)^{xo) > -^(xo), 




c 


tr^urixo) < - -^(xo)- 


In general one can hnd A' such that 


tr^urixo) < 


C 


\rr |2A‘ 


-(xo). 


Choose A >> X', one knows H <C. Therefore the Lemma is proved. □ 

Let i? be a disk centered at p and B = Denote /i, • • • , /w as the dehning functions 

of divisors Di and D 2 . 

Corollary 5.7. There exist C and A independent of e and 6 such that 


N 




dB- 


i=l 


Let X be the smooth closed nonnegative closed (1, l)-form as the pullback of the Euclidean 
metric J2j=i X is a kahler metric on B\E. 

Lemma 5.8. There exists C > 0, a sufficiently small eo > 0 and a smooth Hermitian metric 
hE on Le such that in B 


c-^x <X<C. 


X 


\<xe 


2 ’ 


7r*r]T — eoRic{hE) > 0 . 

The following proposition is the main result of this section. 

Proposition 5.9. There exist 0 < a < 1, A and C > 0 independent of e and 5 such that 


^€,S — 


C 


mTA nf., I/. 


2A 


X, in B. 


Proof. Let H^ s = — Ap^^s for some sufficiently large A and 

sufficiently small r. There are some facts in B\{E U Di U D 2 ): 

( 1 ) A^^\og\aE\l^ = -trcjXsiRicihE)), 
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( 2 ) log nil \fi?^ = 0, 

(3) = ^- trcjTsT^^iiT - etrcjz'sX, 


(4) /\cJ:;^\ogtr^uj,^5 > -Ctrcj:;^x-C{\aE\l^WD^\hnJ^^x^e,sy 
Thus in B\{E U Di U D 2 ) one has 


^iJrsHe,5 > -CtViJXsX - 




- An -{r + l)trcjx-yRic{hE)) + Atr^^n*r]T 


> trcJTsX 


WE\iy\(^DAhyR^^e,& 


where the last inequality base on Lemma (5.8) and the sufficiently large number A. 
By a similar calculation one gets 

C 

\og > -CitrcjXsX - - | 2 a /, 


Let (j'e ,5 = ^ logll^i Same argument one knows 


> 7;tr<^5X -An- - -“ i-^- | 2 Ai , - • 

^ ^WDAhnR^UJ,,s WE\iJ(TDAhoR^UJ^,5 

By Lemma (5.8) and the above inequality, we have 

1 C 

^oJXsGe,5 > t^RcjXsX -An- - -—- 2 Ai, - ■ 

^ \(^ErhJ(rDAhyR^^e,S 

For hxed sufficiently large A > 0, there exists C > 0 such that 


sup Ge,s < G 

dB 


from the estimate in Corollary (5.7). 
So we assume that 


sup G^^s = G^^sip mate) 

B 

for some p^ax e B\{E U DiU D 2 ). Then at p^ax 

{trcJXsX - ‘^An) ■ We\ 1^ ■ tr^^siPmax) < G. 


Notice that 


Then we have 


X 2 (1-/^) _ 1 

{tr^uJe,5)~^ < tr^.X- 


iRx^e,5)’^-^ - 2An) ■ WnAkyj^^ElhE ' R^^^eAPmax) < G. 


( 5 . 10 ) 
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If 


then we observe that 


__ 3CAn 

{tVy-UJ^^S){Pmax) — 2 (l-/ 9 ) \Pmax)i 




t'^X^e,&{Pmax) ^ 


c 


_a\ iPmax) ■ 




2(l-/3) 


Hence Ge,s is bounded above by a uniform constant. 

Otherwise 

__ 3CAn 

[Pmax) ^ 2 ( 1 -^) [Pmax) ^ 




Di 


i.e. 


2(l-/3) 


An <—\aD,\ »-i {p^ax) 


Then by (5.10) one gets 


log Icr^lL + logtr^a;,,^ H-- logtr^ca.^^ + log \aD 


12 Ai + 


2 ( 1 -^) 


n — 1 


H\h 


Dl 


{Pmax') ^ C. 


Moreover, combining with the Lemma (5.2) and choosing sufficiently large A one knows 

^t,&iPmax^ ^ G 

In sun, in all cases, we have G^^s < G. Then 

N 

i=l 


Noting that tr^u^^s ^ C we have 


G 




If we choose r = jq^, then i^(- 2 cC)-i = 1 —a for some a G (0,1). The Proposition is proved. □ 
Corollary 5.11. Assume as above. There exist a > 0, A > 0 and G > 0 such that 


TT Ut < 


c 


-X, in B. 


\n-A ^ ’ TT I f |2A 

Case 3. _ 

Let p G D\D be any point and vr, M, i?, /ig, ge, D 2 , gd 2 , X and O be the same as 
Case 2. Consider the following family of Monge-Ampere equations on M 

n 


{7r*rjT + ex + V^dd^sT = + WeUT-^ 


{s^ + \sD\Ly-^' 
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By Yau’s solution to Calabi conjecture [33], the equation has a unique smooth solution (^ 9 ^ , 5 ; 
moreover 

hyjj = 7i*r]T + ex + \^ddi^s 
is a smooth Kahler metric on M. 

Let i? be a disk centered at p such that B n D = (/) and B = 7r~^{B). Denote /i, • • • , Jni as 
the defining functions of divisor D 2 . By the same argument of Proposition (5.9) we have 


Corollary 5.12. There exist 0 < a < 1, A and C > 0 independent of e and 6 such that 

C 


TT Ut < 


|2(l-a) ttYi I r I 


2A 


X, in B. 


From now on we turn to the Gromov-Hausdorff convergence. By the argument of HU, 
Corollary (5.11) and Corollary (5.12), we immediately conclude the following proposition. 


Proposition 5.13. <Ft : Mt —)■ <h(M) s a homeomorphism. As a consequence, the diameter 
of Mt is finite. Furthermore, there exists C such that 

diam{M, Ut) < C, V f G [T — t, T). 
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